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A new category FuzFuz is introduced from category Fuz of fuzzy sets and its
topoi properties are investigated. Although category FuzFuz is not a topos, it has
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category Fuz. We also prove that category FuzFuz has power objects. Q 1996
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INTRODUCTION
The theory of fuzzy sets and the topoi theory have intimate connections.
It is well known that the concept of topos can lead to the logic operations
wof the class sets, and there is a power object in a topos. In earlier papers 1,
x2 , we have shown that although category Fuz of fuzzy sets is not a topos, it
has middle object and WSC and consequently it can form a WTopos. By
the use of category Fuz and WTopos, the logic operators of fuzzy sets as
defined by Zadeh can be obtained naturally. Thus, Wtopos has similar
functions to topos.
In this work, we introduce a new category FuzFuz from category Fuz.
The topoi properties of FuzFuz are investigated in Section 2. It is shown
that FuzFuz had middle object and WSC and consequently it can also form
a WTopos. In Section 4, we prove that category FuzFuz has power objects.
* Please address all correspondence to E. S. Lee.
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1. PRELIMINARY
I. Concepts of Topos
A topos is a category J satisfying the following conditions:
 .1 Equalizers, finite products, and exponentials exist in J.
 .2 Terminal object U exists in J.
 .  .3 There is a SC subobject classifier in J, i.e., there is an object V
and a morphism n from U to V such that for each monomorphism m
from object A9 to A there is exactly one morphism f from A to V som








 4For example, category Set of class sets is a topos, U s 1 s 0 is a
 4  .terminal object; V s 2 s 0, 1 , n : U ª V, n 0 s 1 is a SC. Then for any
monomorphism m: A9 ª A,
1, if a g m A9 .
f a s .m  0, else,
the f can be seen as the characteristic function of set A9.m
 .Category Fuz of fuzzy sets is defined by: Object in A, a , where A is
 x  .any set and a any mapping from A to 0, 1 ; a morphism f from A, a to
 .  .   ..B, b is a mapping f : A ª B satisfying a a F b f a , ; a g A.
Category Fuz has the topoi properties such as
 .i Equalizers, finite product, and exponential exist in Fuz.
 .ii Terminal object exists in Fuz.
 .iii Fuz has no SC.
So Fuz is not a topos. However, category Fuz has two special objects:
 .  .ii 9 Middle object exists in Fuz; i.e., there is an object I, a suchI
 .that for any object A, a in Fuz, there is exactly one morphism f : A ª I
  ..  .   x  . .satisfying a f a s a a , ; a g A where I s 0, 1 , a l s l .I I
 .  .iii 9 There is an object J, a and a morphism 1 : I ª J such thatJ I
 .  .for any monomorphism m: A9, a 9 ª A, a , there is exactly one mor-
 .  .  .  .  .  .phism a from A, a to J, a satisfying 1 a a F a a , ; a g A; 2m J m
Figure 2 is a pullback,
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 . . J , aA , a J
FIG. 2.
w x  .  .where J s 0, 1 , a l s 1, 1 l s l.J I
a 9 a9 , if a s m a9 g m A9 .  .  .
a a s .m  0, else,
 .the a can be seen as the membership function of fuzzy set A9, a 9 , som
 . 4a is called an MF of A9, a 9 , m .m
 .  .  .Category Fuz satisfying i , ii 9, and iii 9 is called as a WTopos.
II. Concept of Power Objects
A category J with finite product is said to have power object if to each
 .J-object A there are J-object P A , E , and a monomorphismA
 .w : E ª P A = A, such that for any J-object B and ``relation'' r :A
 .R ª B = A, there is exactly one J-morphism f : B ª P A for whichr
there is a pullback in J of Fig. 3.
r 6




 .A = AEA
FIG. 3.
It is well known that any topos has power objects. For example, category
 .Set has power objects. For any set A, its power object is power set P A
of set A.
Although category Fuz is not a topos, Fuz has ``power object.'' For any
 .   . .Fuz-object A, a its power object is the fuzzy power set F A , P of
 .  .  < w x  .  .A, a , where F A s h h: A ª 0, 1 is a mapping and h a F a a , ;
4  .  .a g A and P h s 1, ; h g F A .
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If Fig. 4 commutes, then
 .1 If the two small squares are pullbacks, then the out ``rectangle''
 .with left and right edges the evident composites is a pullback;
 .2 If the outer rectangle and the bottom square are pullbacks, then
so is the top square.
2. CATEGORY FuzFuz AND ITS TOPOI PROPERTIES
f
w .  .x  .Let FuzFuz be a category, its object is A, a ª B, b , where A, a
 .  .  .and B, b are Fuz-objects, f is a Fuz-morphism from A, a to B, b ;
f 9 f
w .  .x w .  .xthe morphism from object A9, a 9 ª B9, b9 to object A, a ª B, b
 .  .is a pair of mappings h, k : h: A9 ª A, k: B9 ª B and satisfies: i
  ..  .  .   ..  .  .a h a9 G a 9 a ; a9 g A9; ii b k b9 G b9 b9 , ; b9 g B9; iii f ( h s








 .  .Composition of morphism h , k with morphism h , k is defined by1 1 2 2
 .  .  .  .h , k ? h , k s h ( h , k ( k if possible .1 1 2 2 1 2 1 2
 .  .  .Note: from i and ii we know that h is a Fuz-morphism A9, a 9 to
 .  .  .A,a and k is a Fuz-morphism from B9, b9 to B, b .
THEOREM 1. Category FuzFuz has all properties of a topos except one for
it has no SC.
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f1 .  .  . w .Proof. 1 Let h , k i s 1, 2 be morphisms from A , a ªi i 1 1
f2 .x w .  .x  <  .  .4B , b to A , a ª B , b . Let A s a g A h a s h a , B s1 1 2 2 2 2 1 1 2
 <  .  .4  .  .  .  .b g B k b s k b ; a a s a a , ; a g A; b b s b b , ; b g B; f :1 1 2 1 1
f
 . w .  .xA ª B, a ª f a . Then we have object A, a ª B, b .1
f
w .  .x  .4Let h: A ª A a ª a, k: B ª B b ª b, then A, a ª B, b , h, k1 1
is an equalizer of
f  .h , k f1 1 1 26 6A , a ª B , b A , a B , b . .  .  .  .1 1 1 1 2 2 2 2 .h , k2 2
fi . w .  .x  .  . <2 Let A , a ª B , b i s 1, 2 be objects, A s a , a a gi i i i 1 2 i
4  . < 4  .A , a g A , B s b , b b g B , b g B ; a a , a si 2 2 1 2 1 1 2 2 1 2
  .  .4  .   .  .4  .Min a a , a a , b b , b s Min b b , b b , ; a , a g A,1 1 2 2 1 2 1 1 2 2 1 2
 .  .   .  ..; b , b g B; f : A ª B a , a ª f a , f a . Then we have object1 2 1 2 1 2
f
w .  .xA, a ª B, b .
 .Let p : A ª A and q : B ª B i s 1, 2 be mappings satisfying1 1 i i
 .  .  .  .p a , a s a , p a , a s a , q b , b s b , q b , b s b . Then1 1 2 1 2 1 2 2 1 1 2 1 2 1 2 2
f
w .  .x  .  .4A , a ª B , b , p , p , q , q is a finite product of1 2 1 2
fiw .  .x  .A , a ª B , b i s 1, 2 .i i i i
10 . w 4 .  4 .x  .3 0 , a ª 0 , a is a terminal object, where a 0 s 1,0 0 0
 .1 0 s 0.0
fi . w .  .x  .4 Let A , a ª B , b i s 1, 2 be objects, andi i i i
<C9 s h , k h: A ª A , k : B ª B are mappings and f ( h s k( f 4 . 1 2 1 2 2 1
<D9 s k k : B ª B is a mapping 41 2
< w xS h , k s l l g 0, 1 satisfies ) 4 .  .
Min a a , l F a h a , ;a g A ; 4 .  . .1 1 2 1 1 1
Min b b , l F b k b , ;b g B ) 4 .  .  . .1 1 2 1 1 1
< w xS k s l l g 0, 1 and Min b b , l F b k b , ;b g B 4 4 .  .  . .1 1 2 1 1 1
< <a h , k s Sup l l g S h , k , a k s Sup l l g S k 4  4 .  .  .  .c D
< <C s h , k g C9 a h , k / 0 , D s k g D9 a k / 0 4  4 .  .  .c D
f : C ª D h , k ª k . .e
 .  .  .Obviously, C / B empty set , D / B, and a ( f h, k s a k GD e D
fe .  . w .  .xa h, k , ; h, k g C. Then we obtain object C, a ª D, a .c C D
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  ..  .  .Let e¨ : A = C ª A a , h, k ª h a , e¨ : B = D ª B b , k ª1 1 2 1 1 2 1 2 1
 .  .k b be two mappings, then e¨ ( f = f s f ( e¨ and1 2 1 e 2 1
a ( e¨ a , h , k s a h a G Min a a , a h , k 4 .  .  .  . .  .2 1 1 2 1 1 1 c
b ( e¨ b , k s b k b G Min b b , a k . 4 .  .  .  . .2 2 1 2 1 1 1 D
f1 . w .  .xHence e¨ , e¨ is a morphism from A , a ª B , b =1 2 1 1 1 1
f fe 2w .  .x w .  .xC, a ª D, a to A , a ª B , b . Consider Fig. 6C D 2 2 2 2
f f1 e6 6w .  .x w .  .xA , a B , b = C, a D, a1 1 1 1 C D
 .ev , ev1 2
f6 2 66 w .  .xA , a B , b6 2 2 2 2
 .  .1 , 1 = f , c  .f , cA B1 1
f f1 6 6w .  .x w .  .xA , a B , b = A, a B, b1 1 1 1
FIG. 6.
 .Let f, c be a morphism and
c : B ª D
b ª c h b , if c b b s c b , b , ;b g B .  .  .  .1 1 1 1
f : A ª C
a ª f a s f9 a , c f a , if f9 a a s f a, a , ;a g A .  .  .  .  .  . . . 1 1 1 1
 .   ..   .  .4  .then f (f9 a s c f a ( f . By Min a a , a a F a (f a , a s2 1 1 1 2 1
 . .   .  .4   .   ..4a (f9 a a ;a g A and Min b b , a a F Min b b , b f a F2 1 1 1 1 1 1 1
  ..   .. .  .b ( c b , f a s b ( c f a b , ; b g B , we have a a g2 1 2 1 1 1
  .   ...  .  <   .   ...4S f9 a , c f a and it follows that a a F Sup l l g S f9 a , c f a
  .   ...  .  .  .s a f9 a , c f a s a (f a , and consequently a (f a G a a ) 0c c c
 .and f a g C.
 .   ..  .  <   ..4  .Obviously, b b g S c b , b b F Sup l l g S c b s a b . ThenD
  ..  .  .  .a c b G b b ) 0 and c b g D. Hence f, c is a morphism.D
few .  .x  .4Obviously, C, a ª D, a , e¨ , e¨ is a exponential ofC D 1 2
f f1 2w .  .x w .  .xA , a ª B , b and A , a ª B , b .1 1 1 1 2 2 2 2
 . w x5 One easily knows from 1, 3 that category FuzFuz has no SC.
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3. CATEGORY FuzFuz IS A WTOPOS
 . <  x 4  x .Let M s l, m l, m g 0, 1 and l F m , a : M ª 0, 1 l, m ª l,M
PM . w .  .xand P : M ª I l, m ª m. Then we have object M, a ª I, a .M M I
f
w .  .xTHEOREM 2. For any object A, a ª B, b , there is exactly one
Pf M . w .  .x w .  .xmorphism h, k from A, a ª B, b to M, a ª I, a such thatM I
 xa ( h s a , a ( k s b , where I s 0, 1 .M I
 . w x w .Clearly, h s a , b ( f , k s b. From 1 we know that M, a ªM
 .x  .I, a is a middle object of category FuzFuz. The h, k is usually denotedI
 .  .as !, ! or !, ! .
 .4  x  .  .Let L s M j 0, 0 , a : L ª 0, 1 l, m ª 1; P : L ª J l, m ª m;L L
 .  .¨ : M ª L l, m ª l, m , n : I ª J l ª l. Then we have object
PLw .  .x xL, a ª J, a , where J s 0, 1 .L J
 .THEOREM 3. For any monomorphism m, n , there is exactly one mor-
 .  .  .  .  .phism f, c such that 1 if f a s l , m , then l F a a , m Fa a a a
  ..  .  .  .  .b f a , ;a g A; 2 c b F b b , ;b g B; 3 Figure 7 is a pullback.
P .f 9 !, ! M6 6
66
6w .  .x w .  .xA9, a B9, b9 M .a I , aM I
 . . ¨ , nm , n
 . Pf f , c L6 6 6w .  .x w .  .xA , a B , b L, a J , aL J
FIG. 7.
Proof. Let
a 9 a9 , b9 f 9 a9 , if a s m a9 for some a9 g A9 .  .  . . .
f a s .  0, 0 , if a f m A9 .  .
b9 b9 , if b s n b9 for some b9 g B9 .  .
c b s .  0, if b f n B9 . .
 .  .   ..   ..Obviously, f, c is a morphism and a 9 a9 F a m a9 , b9 f 9 a9 F
   ...    ...  .  .   ..  .  .b n f 9 a9 s b f m a9 , c b F b9 b9 F b n b9 s b b . So f, c
 .satisfies condition 1 of Theorem 3.
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 .Let p, q be a morphism such that Fig. 8 is commutive
PM 6
M , a I , aw x .  .M I
6




 .p , q f 9fc 6 6
6
w xC , x 6 D , d A9, a 9 B9, b9 .  .  .  .
6
P . Lm , n 6
L, a J , aw x .  .L J
 .p , q
f
6
 .f , c6w xA , a B , b .  .
FIG. 8.
 .  .   .   ...  .Since f ( p c s ¨ (! c s x c , d f c / 0, 0 , ;c g C andc
 .  .  .c ( q d s n (! d s d d / 0, ;d g D, it follows that for any c g C and
 .  .d g D there are exactly a9 g A9 and b9 g B9 such that m a9 s p c ,
 .  .n b9 s q d .
Let
p: C ª A9 q : D ª B9
c ª a9, if p c s m a9 d ª b9, if q d s n b9 .  .  .  .
  ..  .  .   ..   .. then n( q ( f c s n( q ( f c s q f c s f p c s f (C C C
 .. .  .  .  .  .  . ..m( p c s f ( m ( p c s n( f 9 ( p c s n( f 9( p c . It follows
 .  .that q( f c s f 9( p c , ;c g C.C
  .   ...   ..   ..   .   ...Since x c , d f c s f p c s f m a9 s a 9 a9 , b9 f 9 a9 andC
d d s c q d s c n b9 s b9 b9 s b9 q d .  .  .  .  . .  .  .
 .  .   ..  .so x c s a 9 a9 s a 9 p c and consequently p, q is a morphism. Ob-
 .  .  .  .viously, m, n ? p, q s p, q and the p, q is unique. Hence Fig. 7 is a
pullback.
 .  .  .Let f9, c 9 satisfy 1 and 2 of Theorem 3. We shall show that
f s f9, c s c 9.
 .  .In fact, since c 9( n s n ( b9 s c ( n, it follows that c 9 b s c b ,
 .  .  .;b g n B9 . Assume that there exists b f n B9 such that c 9 b / 0, then
 4  .  .  .let C s A9, D s B9 j b ; x s a 9, d b9 s b9 b9 , ;b9 g B9, d b s
 .  .  .  .  .  .c 9 b ; f s f 9; p s m, q b9 s n b9 , q b s b. Then f9, c 9 ? p, q sC
 .  . .¨ , n ? x , d ( f , d , and it follows that there is exactly one morphismC
 .  .   ..  .p, q such that p s m( p, q s n( q. Then b s q b s n q b g n B9 .
 .This is a contradiction with b f n B9 . Hence c 9 s c .
 .  .  .Obviously, f9 a s f a , ;a g m A9 . Assume that there exists a f
 .  .  .  .m A9 such that f9 a s l , m / 0, 0 . Then l ) 0, m ) 0. Bya a a a
  ..  4   .4p (f9 s c 9( f , we have m s c 9 f a . Let C s A9 j a , D s B9 f a ;L a
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 .  .  .  .  .x a s l , x a9 s a 9 a9 , ;a9 g A9; d b9 s b9 b9 , ;b9 g B9; f : C ªa C
 .  .  .  .D a ª f a , a9 ª f 9 a9 ; p: C ª A a ª a, a9 ª m a9 ; q: D ª B f a ª
 .  .  .  .  .  .f a , b9 ª n b9 . Then a ( p a s a a G l s x a , a ( p a9 sa
  ..  .  .   ..   ..   ..a p a9 G a 9 a s x a9 ; b ( q f a s b f a s m s d f a ,a
 .  .  .  .  .b ( q b9 s b ( n b9 G b9 b9 s d b9 ; f ( p s g ( f . Hence p, q is aC
morphism.
 .  .  .   .   ...   .Since f 9( p a s f 9 a s l , m s x a , d f a s x a ,a a
  ...d f aC
f9( p a9 s f9( m a9 s a 9 a9 , b9 f 9 a9 s x a9 , d f a9 , .  .  .  .  .  . . .  . .C
;a9 g A9
c 9( q f a s c 9 f a s m s d f a .  .  . .  .  .a
c 9( q b9 s c 9( n b9 s b9 b9 s d b9 , ;b9 g B9. .  .  .  .
 .  .  .  . .It follows that f9, c 9 ? p, q s ¨ , n ? x , d ( f , d . Then there isC
 .  .  .  .exactly one morphism p, q such that p, q s m, n ? p, q . Then a s
 .   ..  .  .p a s m p a g m A9 . This is a contradiction with a f m A9 . Hence
f9 s f.
PLw x w .  .  .4From 1 we know that L.a ª J, a ; ¨ , n is a WSC of categoryL J
f 9
 .  .  .x  .4FuzFuz. f, c is called a WMF of A9, a9 ª B9, b9 ; m, n . Then
category FuzFuz has the following topoi properties:
 .1 FuzFuz has equalizers, finite products, and exponentials;
 .2 FuzFuz has middle object;
 .3 FuzFuz has WSC.
w xAccording to 1 , we have:
THEOREM 4. Category FuzFuz is a Wtopos.
4. CATEGORY FuzFuz HAS POWER OBJECTS
f f 9
w .  .x w .  .xLet A, a ª B, b and A9, a 9 ª B9, b9 be two objects. Then a
f f 9
w .  .x w .  .x``relation'' from A, a ª B, b to A9, a 9 ª B9, b9 is an object
g
w .  .x  .R, r ª S, s , where R : A9 = A, S : B9 = B; r a9, a F
  .  .4  .  .   .  .4  .Min a 9 a9 , a a , ; a9, a g R: s b9, b F Min b9 b9 , b b , ; b9, b g
 .   .  ..S; g : R ª S a9, a ª f 9 a9 , f a .
f
w .  .xTHEOREM 5. In category FuzFuz, for each object A, a ª B, b ,
f c
w .  .x w .  .there exist objects F, a ª E, a , F, a ª E, b and a monomor-F E
f c
 . w .  .x w .  .xphism id , id from F, a ª E, b to F, a ª E, a =1 2 F E
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g f . f 9r , s 6 6w .  .x w .  .x w .  .xR, r ª S, s A9, a 9 B9, b9 = A, a ª B, b
6 6
 .  . . f , f = 1 , 1f , f r s A Br s
 .id , idc f f1 26 6 6 6w .  .x w .  .x w .  .xF, a E, b F, a E, a = A, a B, bF e
FIG. 9.
f f 9
w .  .x  . w . A, a ª B, b finite product such that for any object A9, a 9 ª B9,
g f
.x w .  .x w .  .xb 9 and ``relation'' R, r ª S, s from A, a ª B, b to
f 9
w .  .x  .A9, a 9 ª B9, b 9 , there is exactly one morphism f , f fromr s
f 9 f
w .  .x w .  .xA9, a 9 ª B9, b9 to F, a ª E, a satisfyingF E
 .  .  X . Y X.. X .  . Y . .i f a9 s f a9 , f a « f a F r a9, a , f a9 b Fr r r r r
  . .s f 9 a9 , b
 .  . .  .ii f b9 b F s b9, b ;
 .iii Figure 9 is a pullback,
 .  .  .  .  .  .where r a9, a s a9, a , ; a9, a g R; s b9, b s b9, b , ; b9, b g S.
Proof. Let
< w x w xF s h , k h: A ª 0, 1 , k : B ª 0, 1 are mappings satisfying  .
1 ] 3 4 .  .
1 h a F a a , ;a g A; 2 k b F b b , ;b g B ; .  .  .  .  .  .
3 k( f a G h a , ;a g A. .  .  .
< w xE s k k : B ª 0, 1 is a mapping and k b F b b , ;b g B 4 .  .
a : F ª 0, 1 h , k ª 1, a : E ª 0, 1 k ª 1;  . F E
f : F ª E h , k ª k .
<F s h , k , a h , k g F, a g A and h a / 0 , 4 .  .  .
<E s k , b k g E, b g B and k b / 0 4 .  .
a : F ª 0, 1 h , k , a ª h a ; b : E ª 0, 1 k , b ª k b  .  .   .  .
c : F ª E h , k , a ª k , f a . .  . .
 .   ..   ..  .  .Then b (c h, k, a s b k, f a s k f a G h a s a h, k, a . Then we
f c6 6w .  .x w .  .xhave objects F, a E, a and F, a E, b . Consider Fig. 10F E
CATEGORY FUZFUZ 499
 . fr , sg f 96 6R , r 6 S, s w xw x A9, a 9 6 B9, b9 = A , a B , b .  .  .  .  .  .
6
6
 .  .f , f = 1 , 1 .f , f r s A Br s
 .id , id f1 2c f6 6F , a 6 E, b .  . w xF, a 6 E, a = A , a B , b .  . .  .F E
6
6
 .f , f1 2 .!, !
 .n , nP PM L6M , a 6 I , a .  . L, a 6 J , a .  .M I L J
FIG. 10.
 .  .  .  .  .Let id h, k, a s h, k, a , id k, b s k, b , and f , f be WMF of1 2 1 2
f
w .  .x  .4F, a ª E, b ; id , id . Then the bottom square of Fig. 10 is a1 2
pullback and
h a , k f a , if h a / 0 .  .  . . .
f h , k , a s .1  0, 0 , else .
k b , if k b / 0 .  .
f k , b s .2  0, else.
g
 . w .  .x  .4Let f , f be WMF of R, r ª S, s ; r, s . Then the outer squarer s
of Fig. 10 is a pullback and
r a9, a , s f 9 a9 , f a , if a9, a g R .  .  .  . . .
f a9, a s .r  0, 0 else .
s b9, b , if b9, b g S .  .
f b9, b s .s  0, 0 else. .
 .  X . Y ..  .Let f : A9 ª F a9 ª f a9 s f a9 , f a9 ; f : B9 ª E b9 ª f b9 ,r r r r s s
where
r a9, a , if a9, a g R .  .Xf a9 a s .  .r  0, else
s b9, b , if b9, b g S .  .f b9 b s .  .s  0, else
f Y a9 b s f f 9 a9 b . .  .  .  . .r s
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 .  .  .Obviously f , f is a morphism satisfying i , ii , of Theorem 5 andr s
 .  .  ..  .f , f ? f , f = 1 , 1 s f , f .1 2 r s A B r s
 .  .  ..  .  .  .Let c , c s f , f = 1 , 1 ? r, s , then f , f ? c , c s1 2 r s A B 1 2 1 2
 .  .  .¨ , n ? !, ! . By Theorem 3, there exists a unique morphism f , f , suchr s
 .  .  .that !, ! ? f , f s !, ! . Then Fig. 10 is commutive. By PBL, Fig. 9 is ar s
pullback.
f 9U U 6 . w .  .xLet f , f be another morphism from A9, a 9 B9, b9 tor s
f 6w .  .x  .  .F, a E, a satisfying i ] iii of Theorem 5. ThenR E
U U U U .  .  ..  ..  .  .  ..f , f ? f , f = 1 , 1 ? r, s s f , f ? id , id ? f , f s1 2 r s A B 1 2 1 2 r s
U U U U .  ..  .  .  ..  .f , f ? id , id ? f , f s ¨ , n ? !, ! ? f , f . Then the outer1 2 1 2 r s r s
rectangle is commutive. By PBL, the outer rectangle is a pullback. By
U U U U U .  .  .  ..  .  .id , id ? f , f s f , f = 1 , 1 ? r, s , we have f a9, a s1 2 r s r s A B r
U U U  . .  .   . .f a9 , a , f b9, b s f b9 , b .r s s
U  .  UX . UY .. UX . .  . UY . .Let f a9 s f a9 , f a9 . Then f a9 a F r a9, a , f a9 br r r r r
  . . U U UY . U   ..F s f 9 a9 , b . By f ( f s f ( f 9, we have f a9 s f f 9 a9 .e s r s
Since
U UX UYr a9, a F a (!( f a9, a s a (! f a9 , f a9 , a .  .  .  . .M r M r r
s a a f UX a9 , f UY a9 , a , b (c f UX a9 , f UY a9 , a .  .  .  . .  . .M r r r r
s a f UX a9 , f UY a9 , a s f UX a9 a .  .  .  . .r r r
and
U Us b9, b F a (!( f b9, b s a (! f b9 , b .  .  . .I s I s
s a b f U b9 , b s b f U b9 , b s f U b9 b , .  .  .  . .  . .I s s s
UX . .  . U  . .  .it follows that f a9 a s r a9, a , f b9 b s s b9, b . Thenr s
U UX UY!( f a9, a s ! f a9 , f a9 , a .  .  . .r r r
s a f UX a9 , f UY a9 , a , b (c f UX a9 , f UY a9 , a .  .  .  . .  . .r r r r
s f UX a9 a , f UY a9 f a .  .  .  . . .
s r a9, a , f U f 9 a9 f a .  .  . .  . .s
s r a9, a , s f 9 a9 , f a .  .  . . .
and
U U U U!( f b9, b s ! f b9 , b s b f b9 , b s f b9 b s s b9, b .  .  .  .  .  . .  .s s s s
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U U .  .  .  .it follows that !, ! ? f , f s !, ! . By Theorem 3, we have f , f sr s r s
 .  U U .  ..f , f ? f , f = 1 , 1 . Then1 2 r s A B
f UX a9 a s f X a9 a , f UX b9 b s f b9 b .  .  .  .  .  .  .  .r r s s
f UY a9 s f U f 9 a9 s f f 9 a9 s f Y a9 , .  .  .  . .  .r s s r
; a9 g A9, a g A , b g B.
UX X XY Y U  .  U U .  .So f s f , f s f , f s f , i.e., f , f s f , f . Hence f , f isr r r r s s r s r s r s
unique.
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